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Taylor-Aris Dispersion Arising from Flow in

a Sinusoidal Tube

An analysis of dispersion arising from creeping flow through a periodically

D. A. HOAGLAND and

constricted tube is developed with the goal of evaluating the effect of converging

and diverging pore structure on dispersion in porous media. The theory is based
on rigorous long-time solutions of the convective-diffusion equation. The calcu-
lations are done numerically over a range of Peclet numbers and tube geometries;
for the geometrical parameters which correlate permeability data in packed beds,
the results of the present work agree well with liteature data for dispersion in such

beds.

R. K. PRUD’HOMME

Department of Chemical Engineering
Princeton University
Princeton, NJ 08544

SCOPE

Fluid motion in periodically constricted tubes has been
studied by several authors interested in modeling flow through
porous media. Using a model which replaces a porous medium
with an equivalent array of periodically constricted tubes, these
authors have been able to use flow-rate/pressure-drop rela-
tionships in the simpler geometry to successfully predict per-
meabilities of complex porous media. The dispersion of solute
during flow through porous materials can be studied using the
same geometrical models. The motivation for such modeling
of dispersion lies in the crucial role of this phenomenon in oil
recovery problems, reactor design, and chromatography. The
present work will examine dispersion during creeping flow in
a periodically constricted tube; it is proposed that the solution
to this problem offers considerable insight into the dispersion
processes observed during flow in more complex porous
media.

The present work employs the concept of local and global
coordinates which was developed by Brenner (1980) to describe
transport in periodic structures and is an extension of earlier
work of Taylor (1953) and Aris (1956). Using Brenner’s analysis,
this paper will describe the calculation of dispersion coefficients
in sinusoidal tubes for wide ranges of Peclet number and tube
geometry. Additionally, analytical solutions have been found
to the limiting case of very long wavelength. The numerically
determined dispersion coefficients can be compared to litera-
ture data for dispersion in packed beds if suitable geometrical
parameters are selected. This comparison will test the hypoth-
esis that dispersion in packed beds can be predicted with the
same pore structure models used for correlating permeability
data. It should be noted that transfer of solute between different
flow channels has not been incorporated into the present
model.

CONCLUSIONS AND SIGNIFICANCE

Dispersion coefficients for creeping flow in sinusoidal tubes
have been calculated both analytically and numerically over
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wide ranges of tube geometry and Peclet number. The results
have been obtained rigorously from long-time solutions of the
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convective-diffusion equation. The numerical procedure em-
ploys collocation to solve the equations of momentum and mass
transport; for very short wavelengths, however, convergence of
the numerical scheme is slow and computation of dispersion
coefficients has not been attempted.

The numerical results agree well with experimental data for
dispersion in packed beds if an appropriate tube geometry is
selected. This particular geometry has been determined by
previous investigators interested in permeabilities of packed

BACKGROUND

Transport phenomena in model geometries have frequently been
studied as a first step in understanding these phenomena in more
complicated settings. Geometries used to describe transport in
consolidated porous media often fall into one of two categories, the
pore network theories (Saffman, 1960) and the constricted tube
theories (Payatakes et al., 1973). More compex models of porous
media have also been employed (Snyder and Stewart, 1966; So-
rensen and Stewart, 1974; Zick and Homsy, 1982); the mathe-
matical and numerical complexity increases accordingly. This
paper focuses on time-dependent mass transport arising from flow
in the constricted tube geometry. In particular, the problem of
dispersion in a sinusoidal tube is studied using a rigorous approach
based on asymptotic long-time solutions of the convective-diffusion
equation. The analysis is an extension of the ideas proposed by
Taylor (1953) and Aris (1956) in their examinations of dispersion
in a straight cylindrical tube.

Fluid motion in sinusoidal tubes has been studied for both the
creeping flow and low Reynolds number regimes (Chow and Soda,
1972; Fedkiw and Newman, 1977; Deiber and Schowalter, 1979;
Neira and Payatakes, 1979). The hydrodynamic calculations have
been used to predict permeabilities, steady-state mass transport
(Fedkiw and Newman, 1977), and particle deposition (Payatakes
et al., 1974) in porous media. The success of the calculations in
predicting these properties has been fairly well established (Pay-
atakes et al., 1973). Although more complicated models have been
proposed, the sinusoidal tube geometry is the simplest geometry
which incorporates the converging and diverging nature of actual
porous media.

The earliest attempt to model the properties of porous media
from a microscopic viewpoint was undertaken by Maxwell (1892).
His study of the electrical conductivity of dilute suspensions of
spheres is readily interpreted in terms of mass transport in the same
setting. Unfortunately, his results are valid for porosities much
higher than typically occur in consolidated porous media. Although
these results can be extended to slightly lower porosities by so-
phisticated mathematical techniques (Jeffrey, 1973), a more
general calculation of mass transport apparently must be done
numerically. In any case, the analytical calculations are restricted
to conditions for which the interstitial fluid is stagnant. Of more
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To

S

beds. For low Peclet numbers, the agreement between the model
predictions and experimental data is especially good. These
results indicate that two important transport properties of
packed beds, permeability and dispersion, can be analyzed
successfully with the same model pore structure. The present
model has no mechanism for mass transport between adjacent
flow channels and is therefore incapable of predicting radial
dispersion.

interest is the case where carrier fluid both transports and disperses
solute. Only recently have attempts been made to use numerical
methods on this more complicated problem. An analysis of dis-
persion during flow perpendicular to an array of cylinders was
developed by Carbonell and Whitaker (1983), and Eidsath et al.
(1983). Lee (1979) examined dispersion during flow through a
regular array of spherical particles; his calculations failed, however,
because of numerical difficulties. It was suggested by Lee that
numerical calculations be applied first to simpler geometries than
the one attempted—the sinusoidal tube appears to be a more
tractable geometry.

METHOD OF MOMENTS ANALYSIS

A rigorous theory of the dispersion that results from convection
and diffusion in spatially periodic porous media was recently de-
veloped by Brenner (1980). The theory follows the classical
“method of moments” approach employed by Aris (1956) in de-
scribing dispersion in capillaries. Aris’ analysis, however, is re-
stricted to geometries for which flow is locally unidirectional; the
extended method is applicable to a more general class of fluid
motions occurring in media composed of periodic units. Of the
problems falling into this category, perhaps the simplest arises from
flow in a periodically constricted tube (PCT). A sinusoidal tube,
Figure 1, is a specific PCT geometry generated by revolving the
sine function about an axis of symmetry, The analysis presented
below is a specific application of Brenner’s general formalism to
the sinusoidal geometry. A complete description of the method of
moments analysis is lengthy, so only key points will be presented
here. More detailed information can be found in the original article
(Brenner, 1980).

Within each period of the sinusoidal tube, a system of local cy-
lindrical coordinates is defined with variables r and z. An additional
global variable, n, is used to identify a specific period, or unit cell,
in the infinite tube. The values of n, r, and 2z uniquely define a
spatial position in the domain of fluid motion. Using these coor-
dinates, the convective-diffusive transport of a slug of tracer in-
troduced at n = 0 and z = 0 can be described with the following
equation:

te

L::__
T n=0

€ro
‘ A \

Figure 1. Sinusoidal tube model. A local coordinate system is defined within each unit cell. The global variable n extends to plus and minus infinity.
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P is the probability of finding a tracer particle in a volume element
dV; D is the assumed isotropic diffusion coefficient; and A, €, and
1, define the wavelength, amplitude, and mean value, respectively,
of the sine wave R which describes the wall. The radial and axial
components of the fluid motion are given by v, and v,, and it is
appropriate to represent the tracer pulse using the Dirac delta
function, 6. As a consequence of the source term in Eq. 1, P satisfies
the normalization condition,

> fv Pdv 3)

where V is the volume of a single unit cell. Conditions associated
with Eq. 1 are as follows:
1. Zero wall flux:

n-VP=0onR (4)

where n is an outward normal vector on the tube wall.
2. Infinite axial boundaries:

P—0 as n—>+ox (5)

3. Continuity of P across the boundary of cell n and cell n +
1:

oP n+l OP, T
—— = ——— 6
0z |z=0 0z |z=x ©)
where the subscripts are associated with an arbitrary unit cell and

its neighbor.

Equations 4 and 5 are conventional boundary conditions for Eq.
1. The third condition replaces Eq. 5 when Eq. 1 is to be solved
within a single unit cell using local coordinates alone. The interplay
between local and global descriptions plays a crucial part in the
analysis developed by Brenner.

The set of equations and boundary conditions listed above fully
specify the transport of tracer in the tube; considerable simplifi-
cation can be achieved by limiting attention to specific features
of this problem. In many cases interest lies in the asymptotic
long-time distribution of tracer. Within this regime it can be shown
that Brownian motion has erased a tracer particle’s “memory” of
its initial local position. In other words, the initial values of r and
z are no Jonger correlated with the present values of r and z. For
the sinusoidal tube, the long-time assumption requires

72
> -2 7
D ("

and

2
£33 (8)
A further simplification arises when longitudinal transport is of
primary interest; dispersion can be characterized by an axial dis-
tribution of locally-averaged concentrations. These concentrations,
taken as a volume average over each unit cell, can be expressed as
a function of n; the lower order moments of this function will
provide detailed information concerning dispersion in the tube.
The simplifications described above are imposed through the
application of “local” and “global” moment operators to the con-
vective-diffusion equation and its boundary conditions. Local
moments are defined,
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where m is an arbitrary integer greater than or equal to zero.
Applying this operator to Eq. 1 yields a set of differential equations
with m as a parameter,
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B
wre

It is important to note that each equation is written in purely local
variables. The boundary conditions transform according to m; the
lower order relationships are listed below:

[lmol] =0 (1)
ual] = = l]zpol] (12)
(luell= [“‘ ] (13)
Ko

oy ] [ O(zH0) ] 15)

aI~L2 My
[ ] [ 22 ( ) (16)

where

(fl1= - f(0.r) a7)

In the development here, only the three lowest order moments are
necessary, m = 0,1,2.

It is helpful to define total moments with the following oper-
ator,

Mn(t) = fv (o )V (18)

As before, V is the volume of a unit cell. The total moments, M ,,(¢),
are functions of time alone and can be found by solving fairly
simple ordinary differential equations. Without going into details
of their derivation, the following asymptotic long-time relationships
involving the total moments can be obtained:

dM, _ —

a =U (19)
My _ oo 2D (~[(oB)> (108
o 2Ut+2UB+V V(Dz)+(ra)]dv (20)

In these equations U is the average velocity in the tube, and B is
the volume average of a function defined by,

oB OB Dsz D o oB

U Z i -2, = 21

T Ty T e T T o @)
with

n-VB =0, on R (22)

[IB]1=—X (23)

o
0z
Terms decreasing exponentially with time have been neglected
in writing both Egs. 19 and 20. Equation 19 confirms the intuitive
notion that a neutrally buoyant point particle is transported through
the tube with the average velocity of the fluid.
The dispersion coefficient for the sinusoidal tube is related to
the axial moments of the tracer distribution. This relationship is

given by Einstein's theory of Brownian motion,
20t =(n —n)? (25)
=My — M7 (26)

] =0 (24)

where {is the axial dispersion coefficient, and overbars indicate
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a mean value. Combining Egs. 19, 20, and 26, the dispersion
coefficient can be written,

_D ([[eB) , (12B)
{= A J:/[(Oz) + (r br) ]dV (27)

The calculation of the dispersion coefficient has thus been reduced
to the solution of Egs. 21-24 and subsequent evaluation of Eq. 27.
The major result of the entire analysis is reduction of a partial
differential equation in three variables in an infinite domain (Eq.
1) to an equation in two local variables in a finite domain (Eg.
21).

DISPERSION IN TUBES WITH LONG WAVELENGTHS

The preceding analysis provides a more tractable description
of mass transport in a sinusoidal tube than the complete convec-
tive-diffusion equation. The dispersion problem has been reduced
to three distinct calculations: determination of the velocity profile,
computation of B, and evaluation of the integral in Eq. 27. The
resulting dispersion coefficient, made dimensionless with the dif-
fusion coefficient, will be a function of the dimensionless ampli-
tude, the dimensionless wavelength, and the Peclet number: €, A*
= \/1,, and Pe = UN/D, respectively. For arbitrary values of these
parameters, all three calculations must be done numerically. For
the asymptotic case of large A*, however, analytical expressions
for the dispersion coefficient have been found. These solutions are
described below.

At low Reynolds numbers the fluid motion in the tube is gov-
erned by the equation,

E% =0 (28)

where

2.9 _19 6 ©°9°
E T or? rbr+bz2 (29)

The stream function  is related to the axial and radial components
of fluid motion in cylindrical coordinates:

10y

=TT r or (30)
_loy
o r 0z 1)

When applying Eq. 28 to a single unit cell within the tube, the
following boundary conditions are considered:
1. Noslip at the wall:

E)—l'k=%=0, atr =R (32)
or 0z
2. Finite velocities at the tube centerline:
Y _dy
L =="=0 tr=0
or 2 ’ ar (33)

3. Periodic motion:

O™Y(r,0) _ o™Y(r.A)

ez 4id az” (34)

In addition, Y is arbitrarily set to 0 along the centerline. Since the
axial flux is constant, the value of ¥ at the wall is fixed.

rl_
=—-§"Vz, atr =R (85)

Here V, is the mean velocity in the tube at z = 0. This value is not
the same as the mean velocity in the tube, U. The two quantities
are related by the equation,

U= a+ :2/2)

For large values of A¥, the solution to Eq. 28 can be written as a
perturbation expansion (Chow and Soda, 1972),

(36)
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Solving for the first two terms in the expansion using regular per-
turbation theory, { can be approximated to order A*—2,

S -

From Eq. 37, v, and v, are easily obtained,

v, =0+ O(A*71) (39)
o5 [To)? 7|2 —
v, =2V, R 1- R + 0(A*-2) (40)

For large values of A* the flow in the tube is essentially unidirec-
tional. For this reason, the zero order approximation could have
been obtained in an alternative fashion using “lubrication”
theory.

Approximating the convective terms with the velocity profiles
presented in Eqgs. 39 and 40, the differential equation for B can be

written,
e \2|oB 2B Do 0B
T+ o7, [ L - [ 1L=DL + 22,2 @
+ ‘(RH (R) 2 Pz T or

For large values of A*, the boundary conditions are,

OB _ _
o 0, atr =R (42)
B(A,r) = B(0,r) = —=A (43)

dB(\r) _ 9B(0)
oz 0z (44)

The general solution to Egs. 41-44 is still quite difficult; it is con-
venient to use the solution for a straight cylindrical tube as a base
case (Brenner, 1980).

Uy o2V -
B= 8D [(70) 2 ("o) ] “ 5

In the spirit of lubrication theory, the base case is used to generate
a trial solution of the form:

UR2 [(r\4 r\2
== —2|5) |- 46
2= 7 2o e
Substitution of this function into Eq. 41 yields a solution consistent
with the previous approximations if f(z) is chosen of the form

1 23 o N | 4w
fz)=2z— [l_+62—/2 —ﬂ_’ cos (—S\‘Z) + -S‘j’r-sm (TZ)] (47)
Omitted terms have the order Pe/ A*2 and Pe~!. Evaluation of Eq.
27 using Egs. 46 and 47 yields the dimensionless dispersion coef-
ficient,
¢ 1 15 45 5
2Tttt eb
D O+eepl "2 8 16"

Ur,]2 1 3
+ {F] [m] [l + 32 + 8 64] (48)

Since Eq. 48 describes dispersion under conditions for which the
flow is essentially unidirectional, the dispersion coefficient could
have been obtained by modification of the Taylor-Aris theory. The
alternate derivation is briefly outlined here: A cylindrical tube
dispersion coefficient is written in terms of the local sinusoidal
radius. This dispersion coefficient is then transformed into an ax-
ially dependent variance of residence time. Recognizing that res-
idence times along the tube are additive, the local variance function
can be integrated to obtain an overall time variance for an entire
unit cell. When this time variance is rewritten as a dispersion
coefficient, the result is Eq. 48. This nonrigorous approach cannot
be extended to more general sinusoidal tube geometries for which
flow is not unidirectional.

A long-wavelength solution can also be found when Pe is small.
Under these conditions Eq. 41 and its boundary conditions reduce
to the simple form:
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The solution to this problem is easily found by perturbation

methods.

o (PP ol
B'_j; Trcomeamae 2t A 0()\) (53)

This equation in turn yields the low Peclet dispersion coetfi-
cient,

¢ (11— e .

D= 0T + O0(A*1) (54)
This expression is equivalent to Eq. 6.2-12 in Giddings (1965).

In summary, dispersion coefficients in sinuscidal tubes with long

wavelengths can be calculated at low and high Pe using Egs. 48
and 54. Although the equations are applicable only in rather limited
regimes, these conditions are not experimentally unattainable. The
most important use of these calculations will be as a check of the
numerical scheme described in the next section. It should be noted
that Eqs. 48 and 54 properly reduce to the dispersion coefficient
calculated by Aris (1956) for a straight tube with € = 0.

NUMERICAL SOLUTION OF METHOD OF MOMENTS
PROBLEM

With numerical methods it is possible to compute dispersion
coefficents over a range of Peclet numbers and tube geometries for
which Eqs. 48 and 54 are inapplicable. The fisst step in the nu-
merical procedure is calculation of the velocity profile. As men-
tioned before, several authors have analyzed low Reynolds number
flow in sinusoidal tubes; the approach outlined here is nearly
identical to the one described by Neira and Payatakes (1979). The
equation for the stream function is first transformed to a rectan-
gular coordinate system defined by:

X = (55)

R

and

n = (56)

b

The proposed trial function expansion for Y can then be expressed
in terms of transformed variables,

Y= é (x* = 2x3) + %} Nf; Cyx (1 = x )+t
j=1i=
X cos[2m(j — 1)(n — Yg)}  (57)

where the coefficients C;; are to be determined by collocation. This
expansion satisfies all boundary conditions for ¢ exactly. The first
term is equivalent to the lubrication approximation for flow de-
scribed in the previous section. Substitution of the expansion for
¥ into the transformed form of Eq. 28 yields a set of N, X Ny
equations containing N, X N, unknown coefficients. These coef-
ficients are determined by setting the residuals to zero on a grid
of collocation points defined by

x¢ =rootsof PA(x), 0<x<l1 (58}
and
Yy 1 L _
7= oN, + 7 forj =12, ..., N, (59)

In Eq. 58, PYY is the Jacobi polynomial of degree Ng with a =0
and 8 = 0. Once the coefficients have been calculated, the velocity
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profile is easily determined as a function of C;; by differentiation
of the expansion for x. The coefficients C;;, and therefore the ve-
locity profile, will be different for each different tube geometry.
Since flow in sinusoidal tubes has been described by a number of
authors, a discussion of the solution will not be presented here.
Using an 8 X 8 collocation grid, the results of the present study are
in excellent agreement with those of Fedkiw and Newman
(1977).

The numerical solution of the equation for B is obtained by a
series of calculations similar to those used in obtaining the velocity
field. Equations 21-24 are first transformed to the x and 7 coor-
dinate system. Using the equation for B in a straight cylindrical
tube as a base case, the following trial function expansion is pro-
posed:

PeR2 Ny Ng , ..
=[x - 2x3 = n + L L R(HAML])
B f70is0
* Both
+ Coon(l — 2n)(1 —n) (60)
where
R(xi) = x2(1 — x)! (61)
and
A(n4,j) = Cy sin2wjn + Dj; cos2mjn. (62)

In Eq. 62, Cy and Dy; are the unknown coefficients to be deter-
mined by collocation.

The form of the expansion for B follows from the nature of Eq.
21, which defines this quantity. Both sine and cosine terms are
included in the expansion since the equation has a “direction” as-
sociated with its convective terms. This contrasts with the expansion
for Y which has symmetry about the plane n = 1. In addition to
its asymmetry, Eq. 21 defines B only to within an arbitrary con-
stant. This forces the summation in Eq. 60 to exclude the i,j = 0
term. In order to include the correct number of constants, a func-
tion of 7 is placed outside the summation. This function, which
satisfies the appropriate boundary conditions, is linearly inde-
pendent of the set of terms in the summation. Its coefficient, Cgg,
can therefore be determined in the same manner as the other un-
known coefficients.

Collocation points are chosen by:

_ j+1

j = i=01,....2N 63
77] Z(Nz + 1) J z ( )

and

xi =rootsof P2 x  0<x<1 (64)
The points on the boundary are necessary since the expansion for
B does not satisfy the wall boundary condition exactly. The ex-
pansion generates (2N, + 1) X {Ng + 1) unknowns which can be
evaluated using the (2N, + 1) X (Ng + 1) collocation points. (Note:
the coefficients C;g are identically zero for all values of i greater
than 0.) These unknown coefficients are calculated by substituting
the expansion for B into Eq. 21, or into Eq. 22 for boundary points,
and setting the residual equal to zero. The function B is now de-
termined as a function of position, and the evaluation of the integral
which relates B to the dispersion coefficient is the only calculation
remaining. This integral is evaluated using 24-point Gauss-Le-
gendre quadrature in the x and 5 coordinate system.

DISCUSSION OF NUMERICAL SOLUTION

As mentioned previously, the dimensionless dispersion coeffi-
cient in a sinusoidal tube will be a function of A*, €, and Pe. Figure
2 shows the dependence of the dispersion coefficient on A* for fixed
€ and Pe. The parameters have been selected so that when wave-
lengths are large, the conditions for Eq. 48 are satisfied and overlap
of the numerical and analytical solutions is observed. For smaller
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Figure 2. Dimensionless dispersion coefficient as a function of dimensionless

wavelength. The value of the long wavelength asymptote is given by Eq. 48.

wavelengths, radial flow becomes important and the dispersion
coefficient increases. Under conditions for which the asymptotic
behavior of Eq. 53 is valid, small Pe and large A*, similar agree-
ment of analytical and numerical solutions is observed.

Figure 3 presents the dependence of { on Pe when € and A\* are
chosen as 0.40 and 3.33, respectively, values which successfully
correlate permeability data for a packed bed of spheres using the
sinusoidal tube model (Payatakes et al., 1973; Fedkiw and New-
man, 1977). For small Pe the dimensionless dispersion coefficient
is governed by diffusion and can be correlation by geometrical
parameters alone. This behavior is observed in Figure 3; the lim-
iting dispersion coefficient is 0.647D. As Pe is increased, a transition
to convective mass transport is reflected in an increase in . For
very large Pe the dispersion coefficient satisfies the relationship,

g = 0.0104Pe 188 (65)

extremely well.

If one models a packed bed of spheres as an array of parallel si-
nusoidal tubes, the dispersion coefficient in the bed is the same as
in each tube individually. The average tube velocity, U, is related

to the superficial bed velocity, V,, by
Y
¢

where ¢ is the porosity of the bed. Dispersion coefficients in packed
beds are commonly correlated using a Peclet number defined with
the mean interstitial velocity, now identified as U, and the mean
particle diameter. This diameter is closely related to the sinusoidal
wavelength and, to first approximation, will have the same value.
These arguments lead to the conclusion that the sinusoidal tube
Peclet number, Pe, is equivalent to the particle Peclet number for
the packed bed. Therefore, experimental data for dispersion in
these beds can be directly compared to Figure 3. When making
this comparison it should again be emphasized that the sinusoidal
tube model does not incorporate all of the phenomena that affect
dispersion in packed beds. It is expected that imperfect packing
and transport between adjacent flow channels may have a signif-
icant influence on dispersion. Figure 3 displays the correspondence
of the current model to an empirical correlation prepared by Hiby
(1962). The agreement is surprisingly good for Pe less than 100.
Particularly encouraging is the agreement in low Pe number as-
ymptotes for the dispersion coefficient; Hiby’s result, 0.67D, is
nearly the result of the current model. Hiby’s data seem the most
carefully prepared of the data sets encountered. Most dispersion
data (Bear, 1972; Wen and Fan, 1975) will not correlate with the
present analysis as well. The low Pe result, however, is the same
throughout the works surveyed.

The sensitivity of the numerically computed dispersion coeffi-
cient to tube geometry is displayed in Figures 4, 5, 6, and 7. Ex-
amination of Figure 4 reveals that at low Pe the dispersion coef-
ficient is relatively independent of wavelength, but this is certainly
not the behavior observed in the high Pe regime. As expected, at
low Pe the effect of shorter wavelengths is a decrease in dispersion
coefficient, and at high Pe, an increase. In Figure 5 one observes
that the strongest influence of wall amplitude occurs in the diffu-
sion-dominated regime at low Pe. Figures 6 and 7 display the de-
pendence of {/D on both A* and ¢ in a different fashion than
Figures 4 and 5. Figure 6 shows that as the wall amplitude is de-
creased, the dispersion coefficient tends toward the Taylor result
for straight tubes; as the wall amplitude is increased toward 1.0,
the value at which the tube is “pinched off”, the value of {/D grows
to a value approximately an order of magnitude larger (for the
chosen value of A*). Figure 7 shows a similar plot of the depen-
dence of the dispersion coefficient on A*. For values of A* less than
5, the dispersion coefficient is a strong function of wavelength. At
very small wavelengths recirculation occurs and dispersion in-
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Figure 3. Dimensionless dispersion coefficient as a function of Peclet number; comparison of sinusoidal tube model to experimental data. The data and correlation
are from Hiby (1972). Hiby’s correlation is expressed in terms of a Peclet number defined with the mean particle diamzter.
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Figure 4. Dimensionless dispersion coefficient as a function of Peclet number.
The various curves correspond to different values of the dimensionless
wavelength A*{=MN/ro). In the low Pe regime {/D is insensitive to A*, but
this is not true in the convectively dominated regime where Pe >> 1.
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Figure 5. Dimensionless dispersion coefficient as a function of Pe with wall
amplitude ¢ as a parameter. This figure is similar to Figure 4 except that the
value of {/D is very sensitive o € at low Pe.
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Figure 6. Dispersion coefficient as a function of wall amplitude €. The intercept
at € = 0 agrees with the Taylor result for straight tubes. At ¢ = 1.0 the tube
is completely constricted by the converging walls.

creases dramatically. It should be noted that the numerical scheme
is successful in flows with recirculation and regions of closed
streamlines. A comparison of the numerical results to the data
presented in Figure 3 confirms the notion that the parameters fit
by permeability data also give a good correlation to dispersion
data.

A major objection to the sinusoidal tube model for dispersion is
the absence of transverse mass and momentum transport. Without
considering a more complicated model, it would be difficult to
incorporate such effects. Higher order models of dispersion in
packed beds will probably begin with actual bed structure and
incorporate complete solutions of the equations of motion. These
calculations will be considerably more difficult than those described
in the present work. (Results of this type have recently been ob-
tained by Eidsath et al., 1983). The difficulty is illustrated by the
failure of the computations by Lee (1979). Velocity profiles in
complicated bed structures are available (Snyder and Stewart, 1966;
Sorensen and Stewart, 1974), however, and it is expected that these
profiles will eventually be used successfully in analyses similar to
the present one. The most important arguments in favor of the si-
nusoidal tube model for porous media are its simplicity and its
relatively good agreement with experimental data.
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NOTATION

B.B = function defined by Egs. 21-24, and its volume av-
erage, respectively
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Figure 7. Dispersion coefficient as a function of wavelength of wall. Recirculating flows were observed under some of the conditions examined in the figure.
As \* is decreased below 2.0 the numerical scheme converges slowly and further computation was not atlempted.

dp = mean particle diameter in a packed bed

D = solute diffusion coefficient

Cy,Dy; = collocation expansion coefficients

m = arbitrary integer

M, = the mth total moment defined by Eq. 18

nn = global coordinate (Figure 1) and its mean value as
weighted by the solute distribution ’

n = outward normal of the tube wall

Ng,N, = number of radial and axial terms in the collocation
expansion

PP, = probability of finding a solute particle in a volume
element dV, and this value in cell n, respectively

PR = Jacobi polynomial of degree Ng with parameters o
=0and =0

Pe = Peclet number = UA/D

= local radial coordinate

= mean wall radius (Figure 1)

= r,(1 + €sin(27w/A)z)

= time span after solute introduced into tube
= mean volume-averaged axial velocity
radial and axial velocity components
volume of a unit cell

superficial bed velocity

mean axial velocity at plane z = 0

= local axial coordinate

Cnu

i

B s QTS
&
o

Greek Letters

0 = Dirac delta function

€ = dimensionless sine function amplitude (Figure 1)
N = dimensionless axial coordinate = z/A

A = wavelength of sine function (Figure 1)

A* = dimensionless wavelength of sine function = A /7,

AIChE Journal (Vol. 31, No. 2)

U = mth local moment defined by Eq. 9

¢ = dispersion coefficient

¢ = porosity of porous medium

X = dimensionless radial coordinate = r/R

A2 = stream function, and the jth term in the expansion for

the stream function (Eq. 37), respectively
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A Heat Transfer Model for Tubes Immersed

in Gas Fluidized Beds

A model for local heat transfer between a gas-fluidized bed and a submerged

R. CHANDRAN

tube is proposed based on combined dense-phase and lean-phase transport. The

heat transfer process during dense-phase contact at the tube surface is modeled
by packet renewal mechanism and the transfer process during lean-phase contact
by fluid convection mechanism. The model predictions show good agreement with
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experimental local and average heat transfer coefficient data for horizontal and

tubes.

J. C. CHEN
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SCOPE

Many applications of fluidized beds involve heat transfer to
or from immersed tubes and tube bundles. The rate of heat
transfer between a fluidized bed and a submerged tube depends
upon a number of factors, including the properties of the bed
material and the contact fluid, bed and tube geometries, and
the fluidization state. Measurements of heat transfer between
fluidized beds and immersed tubes have been carried out by
many investigators and both experimental data and correlations
are reported in the literature. Reviews of the work are given by
Gelperin and Einstein (1971), Gutfinger and Abuaf (1974),
Zabrodsky et al. (1976), and Saxena et al. (1978). Comparisons
of design correlations for bed-to-tube heat transfer coefficient
are presented in Ainshtein and Gelperin (1966), Chen (1976),
Grewal and Saxena (1980, 1981), and Botterill et al. (1981).
However, from an application standpoint, there still is a need
for improved phenomenological understanding of the mecha-

nisms and appropriate modeling of the transport processes.

The foregoing remarks are especially true for tubes placed
horizontally in fluidized beds. Since the fluid flow is in a di-
rection normal to the tube axis for horizontal tubes, it is incor-
rect to assume axial symmetry. Local heat transfer coefficients
could, and indeed do, vary with circumferential position on the
tube surface. A few studies (Gelperin et al., 1966; Berg and
Baskakov, 1974; Chandran et al., 1980) have reported local
measurements around horizontal tubes. However, correlations
for local heat transfer coefficient do not seem to have been
published to date.

The objective of this study was to develop a mechanistic
model for the prediction of local heat transfer coefficients, using
information on bed-surface contact dynamics from fluid me-
chanics investigations (Chandran and Chen, 1982).

CONCLUSIONS AND SIGNIFICANCE

The local heat transfer coefficient at the tube surface was
expressed as a weighted average of the dense-phase and the
lean-phase transfer coefficients. For the case of negligible ra-
diant contribution, heat transfer during dense-phase contact was
attributed to the surface renewal mechanism and was modeled

Correspondence concerning this paper should be addressed to R. Chandran.
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as a transient conduction process. Heat transfer during lean-
phase contact was postulated to occur by the fluid convection
mechanism with attendant enhancement due to the presence
of particles in the medium.

With input data on local fluidization parameters, the model
was able to successfully predict both local and average heat
transfer coefficients for a wide range of test conditions.
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